
Annals of Fuzzy Mathematics and Informatics

Volume x, No. x, (Month 201y), pp. 1–xx

ISSN: 2093–9310 (print version)

ISSN: 2287–6235 (electronic version)

http://www.afmi.or.kr

@FMI
c© Research Institute for Basic

Science, Wonkwang University

http://ribs.wonkwang.ac.kr

Generalized fuzzy sets in UP-algebras

Noppharat Dokkhamdang, Akekarin Kesorn, Aiyared Iampan

Received 30 April 2018; Revised 23 May 2018; Accepted 3 June 2018

Abstract. Based on the theory of fuzzy sets, the notion of fuzzy
UP-subalgebras (resp., fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly
UP-ideals) with thresholds of UP-algebras is introduced, some properties
of them are discussed, and its generalizations are proved. Further, we
discuss the relations between fuzzy UP-subalgebras (resp., fuzzy UP-filters,
fuzzy UP-ideals, fuzzy strongly UP-ideals) with thresholds and their level
subsets.

2010 AMS Classification: 03G25

Keywords: UP-algebra, Fuzzy UP-subalgebra with thresholds, Fuzzy UP-filter
with thresholds, Fuzzy UP-ideal with thresholds, Fuzzy strongly UP-ideal with
thresholds.

Corresponding Author: Aiyared Iampan (aiyared.ia@up.ac.th)

1. Introduction

A fuzzy set in a nonempty set X is an arbitrary function from the set X into
[0, 1] where [0, 1] is the unit segment of the real line. The concept of a fuzzy set in
a nonempty set was first considered by Zadeh [16] in 1965. The fuzzy set theories
developed by Zadeh and others have found many applications in the domain of
mathematics and elsewhere. There are several kinds of fuzzy set extensions in the
fuzzy set theory, for example, intuitionistic fuzzy sets, interval-valued fuzzy sets,
vague sets, bipolar-valued fuzzy sets etc.

After the introduction of the notion of fuzzy sets by Zadeh [16], several researches
were conducted on the generalizations of the notion of fuzzy sets and application to
many logical algebras such as: In 2005, Jun [5] introduced the notion of (α, β)-fuzzy
subalgebras of BCK/BCI-algebras. In 2007, Jun [6] introduced the notion of fuzzy
subalgebras with thresholds of BCK/BCI-algebras. In 2009, Saeid [11] introduced
the notion of new fuzzy subalgebras with thresholds of BCK/BCI-algebras. Zhan et
al. [17] introduced the notions of (∈,∈ ∨q)-fuzzy p-ideals, (∈,∈ ∨q)-fuzzy q-ideals
and (∈,∈ ∨q)-fuzzy a-ideals in BCI-algebras. In 2010, Akram and Dar [1] studied
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generalized fuzzy K-algebras. In 2015, Senapati [12] introduced the notion of T-fuzzy
subalgebras of KU-algebras.

Iampan [3] introduced a new branch of the logical algebra, called a UP-algebra.
Later Guntasow et al. [2] studied fuzzy translations of a fuzzy set in UP-algebras.
Senapati et al. [13, 14] applied cubic set and interval-valued intuitionistic fuzzy
structure in UP-algebras. In this paper, we introduce the notion of fuzzy UP-
subalgebras (resp., fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) with
thresholds of UP-algebras, investigate their properties, and generalize the notions.
Also, the characterizations of fuzzy UP-subalgebras (resp., fuzzy UP-filters, fuzzy
UP-ideals, fuzzy strongly UP-ideals) with thresholds are obtained. Further, we
discuss the relations between fuzzy UP-subalgebras (resp., fuzzy UP-filters, fuzzy
UP-ideals, fuzzy strongly UP-ideals) with thresholds and their level subsets.

2. Basic results on UP-algebras

Before we begin our study, we will introduce the definition of a UP-algebra.

Definition 2.1 ([3]). An algebra A = (A, ·, 0) of type (2, 0) is called a UP-algebra,
where A is a nonempty set, · is a binary operation on A and 0 is a fixed element of
A (i.e., a nullary operation), if it satisfies the following axioms: for any x, y, z ∈ A,

(UP-1) (y · z) · ((x · y) · (x · z)) = 0,
(UP-2) 0 · x = x,
(UP-3) x · 0 = 0,
(UP-4) x · y = 0 and y · x = 0 imply x = y.

From [3], we know that the notion of UP-algebras is a generalization of KU-
algebras.

Example 2.2 ([3]). Let X be a universal set. Define two binary operations · and
∗ on the power set of X by putting A · B = B ∩ A′ and A ∗ B = B ∪ A′, for all
A,B ∈ P(X). Then (P(X), ·,∅) and (P(X), ∗, X) are UP-algebras and we shall call
it the power UP-algebra of type 1 and the power UP-algebra of type 2, respectively.

Example 2.3. Let N be the set of all natural numbers with two binary operations
◦ and • defined by

x ◦ y =

{
y if x < y,
0 otherwise

and

x • y =

{
y if x > y or x = 0,
0 otherwise.

Then (N, ◦, 0) and (N, •, 0) are UP-algebras.

For more examples of UP-algebras we refer to [13, 14].
In what follows, let A be a UP-algebra unless otherwise specified. The following

proposition is very important for the study of UP-algebras.

Proposition 2.4 ([3]). The following properties hold: for any x, y, z ∈ A,

(1) x · x = 0,
(2) x · y = 0 and y · z = 0 imply x · z = 0,
(3) x · y = 0 implies (z · x) · (z · y) = 0,
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(4) x · y = 0 implies (y · z) · (x · z) = 0,
(5) x · (y · x) = 0,
(6) (y · x) · x = 0 if and only if x = y · x, and
(7) x · (y · y) = 0.

Definition 2.5 ([3]). A subset S of A is called a UP-subalgebra of A, if the constant
0 of A is in S and (S, ·, 0) itself forms a UP-algebra.

Iampan [3] proved the useful criteria that a nonempty subset S of a UP-algebra
A = (A, ·, 0) is a UP-subalgebra of A if and only if S is closed under the · multipli-
cation on A.

Definition 2.6 ([3, 15]). A subset S of A is called a

(1) UP-ideal of A, if it satisfies the following properties:
(i) the constant 0 of A is in S,
(ii) for any x, y, z ∈ A, x · (y · z) ∈ S and y ∈ S imply x · z ∈ S.

(2) UP-filter of A, if it satisfies the following properties:
(i) the constant 0 of A is in S,
(ii) for any x, y ∈ A, x · y ∈ S and x ∈ S imply y ∈ S.

(3) strongly UP-ideal of A ,if it satisfies the following properties:
(i) the constant 0 of A is in S,
(ii) for any x, y, z ∈ A, (z · y) · (z · x) ∈ S and y ∈ S imply x ∈ S.

Guntasow et al. [2] proved the generalization that the notion of UP-subalgebras is
a generalization of UP-filters, the notion of UP-filters is a generalization of UP-ideals,
and the notion of UP-ideals is a generalization of strongly UP-ideals. Moreover, they
also proved that a UP-algebra A is the only one strongly UP-ideal of itself.

Definition 2.7 ([16]). A fuzzy set in a nonempty set X (or a fuzzy subset of X) is
an arbitrary function from the set X into [0, 1], where [0,1] is the unit segment of
the real line.

Somjanta et al. [15] introduced the notion of fuzzy UP-subalgebras (resp., fuzzy
UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) of UP-algebras as follows.

Definition 2.8. A fuzzy set f in A is called a

(1) fuzzy UP-subalgebra of A, if for any x, y ∈ A, f(x · y) ≥ min{f(x), f(y)}.
(2) fuzzy UP-filter of A if for any x, y ∈ A,

(i) f(0) ≥ f(x),
(ii) f(y) ≥ min{f(x · y), f(x)}.

(3) fuzzy UP-ideal of A, if for any x, y, z ∈ A,
(i) f(0) ≥ f(x),
(ii) f(x · z) ≥ min{f(x · (y · z)), f(y)}.

(4) fuzzy strongly UP-ideal of A if for any x, y, z ∈ A,
(i) f(0) ≥ f(x),
(ii) f(x) ≥ min{f((z · y) · (z · x)), f(y)}.

They also proved that the notion of fuzzy UP-subalgebras is a generalization of
fuzzy UP-filters, the notion of fuzzy UP-filters is a generalization of fuzzy UP-ideals,
and the notion of fuzzy UP-ideals is a generalization of fuzzy strongly UP-ideals.
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Definition 2.9 ([8]). Let X and Y be any two nonempty sets and let f : X → Y
be any function. A fuzzy set µ in X is called f -invariant, if f(x) = f(y) implies
µ(x) = µ(y), for all x, y ∈ X.

Definition 2.10 ([3]). Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras. A mapping f
from A to B is called a UP-homomorphism, if

f(x · y) = f(x) ∗ f(y), for all x, y ∈ A.

Iampan [3] proved that f(0A) = 0B .

3. Fuzzy UP-subalgebras (resp., fuzzy UP-filters, fuzzy UP-ideals,
fuzzy strongly UP-ideals) with thresholds

In this section, we introduce the notion of fuzzy UP-subalgebras (resp., fuzzy UP-
filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) with thresholds of UP-algebras,
investigate their properties, and generalize the notions.

Definition 3.1. A fuzzy set f in A is called a fuzzy UP-subalgebra with thresholds
ε and δ of A, where ε, δ ∈ [0, 1] with ε < δ, if for any x, y ∈ A,

max{f(x · y), ε} ≥ min{f(x), f(y), δ}.

Example 3.2. Let A = {0, 1, 2, 3} be a set with a binary operation · defined by the
following Cayley table:

· 0 1 2 3
0 0 1 2 3
1 0 0 3 0
2 0 1 0 0
3 0 1 3 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follows:

f(0) = 0.6, f(1) = 0.7, f(2) = 0.3, and f(3) = 0.2.

Then f is a fuzzy UP-subalgebra with thresholds ε = 0.8 and δ = 0.9 of A.

Lemma 3.3. If f is a fuzzy UP-subalgebra with thresholds ε and δ of A, then
max{f(0), ε} ≥ min{f(x), δ} for all x ∈ A. In particular, if there exists y ∈ A such
that f(y) > δ, then f(0) > ε.

Proof. For all x ∈ A,

max{f(0), ε} = max{f(x · x), ε}(Proposition 2.4 (1))

≥ min{f(x), f(x), δ}
= min{f(x), δ}.

If there exists y ∈ A such that f(y) > δ, then

max{f(0), ε} ≥ min{f(y), δ} = δ > ε.

Thus f(0) = max{f(0), ε} > ε. �

Definition 3.4. A fuzzy set f in A is called a fuzzy UP-filter with thresholds ε and
δ of A, where ε, δ ∈ [0, 1] with ε < δ, if it satisfies the following properties: for any
x, y ∈ A,
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(1) max{f(0), ε} ≥ min{f(x), δ},
(2) max{f(y), ε} ≥ min{f(x · y), f(x), δ}.

Example 3.5. Let A = {0, 1, 2, 3, 4} be a set with a binary operation · defined by
the following Cayley table:

· 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 0 0
2 0 1 0 0 0
3 0 1 2 0 4
4 0 1 2 3 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follows:

f(0) = 0.9, f(1) = 0.1, f(2) = 0.5, f(3) = 0.4, and f(4) = 0.4.

Then f is a fuzzy UP-filter with thresholds ε = 0.8 and δ = 0.9 of A.

Definition 3.6. A fuzzy set f in A is called a fuzzy UP-ideal with thresholds ε and
δ of A, where ε, δ ∈ [0, 1] with ε < δ, if it satisfies the following properties: for any
x, y, z ∈ A,

(1) max{f(0), ε} ≥ min{f(x), δ},
(2) max{f(x · z), ε} ≥ min{f(x · (y · z)), f(y), δ}.

Example 3.7. Let A = {0, 1, 2, 3} be a set with a binary operation · defined by the
following Cayley table:

· 0 1 2 3
0 0 1 2 3
1 0 0 3 3
2 0 1 0 0
3 0 1 3 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follows:

f(0) = 0, f(1) = 0.2, f(2) = 0.1, and f(3) = 0.3.

Then f is a fuzzy UP-ideal with thresholds ε = 0.4 and δ = 0.9 of A.

Definition 3.8. A fuzzy set f in A is called a fuzzy strongly UP-ideal with thresh-
olds ε and δ of A, where ε, δ ∈ [0, 1] with ε < δ, if it satisfies the following properties:
for any x, y, z ∈ A,

(1) max{f(0), ε} ≥ min{f(x), δ},
(2) max{f(x), ε} ≥ min{f((z · y) · (z · x)), f(y), δ}.

Example 3.9. Let A = {0, 1, 2, 3, 4} be a set with a binary operation · defined by
the following Cayley table:

· 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 0 4
2 0 1 0 0 0
3 0 1 2 0 4
4 0 1 2 3 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follow:
5
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f(0) = 0.3, f(1) = 0.4, f(2) = 0, f(3) = 0.1, and f(4) = 0.

Then f is a fuzzy strongly UP-ideal with thresholds ε = 0.5 and δ = 0.8 of A.

Theorem 3.10. Every fuzzy strongly UP-ideal with thresholds ε and δ of A is a
fuzzy UP-ideal with thresholds ε and δ.

Proof. Assume that f is a fuzzy strongly UP-ideal with thresholds ε and δ of A.
Then max{f(0), ε} ≥ min{f(x), δ}, for all x ∈ A. Let x, y, z ∈ A.

Case 1 : f(0) ≤ ε. Then f(x) ≤ ε for all x ∈ A. Thus

max{f(x · z), ε} = ε ≥ f(y) ≥ min{f(x · (y · z)), f(y), δ}.

Case 2 : f(0) > ε. Then

max{f(x · z), ε} ≥ min{f((z · y) · (z · (x · z))), f(y), δ}
= min{f((z · y) · 0), f(y), δ}(Proposition 2.4 (5))

= min{f(0), f(y), δ}.((UP-3))

If min{f(0), f(y), δ} = f(y) or δ, then we obtain immediately that

max{f(x · z), ε} ≥ min{f(x · (y · z)), f(y), δ}.

Assume that min{f(0), f(y), δ} = f(0). Then

min{f(0), f(y), δ} = f(0) = max{f(0), ε}
≥ min{f(y), δ}
≥ min{f(x · (y · z)), f(y), δ}.

Thus, f is a fuzzy UP-ideal with thresholds ε and δ of A. �

Example 3.11. Let A = {0, 1, 2, 3, 4} be a set with a binary operation · defined by
the following Cayley table:

· 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 0 4
2 0 1 0 0 0
3 0 1 2 0 4
4 0 1 2 3 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follow:

f(0) = 1, f(1) = 0.2, f(2) = 0.1, f(3) = 0.2, and f(4) = 0.9.

Then f is a fuzzy UP-ideal with thresholds ε = 0.5 and δ = 0.9 of A. Since
max{f(2), ε} = max{0.1, 0.5} = 0.5 � 0.9 = min{1, 1, 0.9} = min{f((2 · 0) · (2 ·
2)), f(0), δ}, we have f is not a fuzzy strongly UP-ideal with thresholds ε = 0.5 and
δ = 0.9 of A.

Theorem 3.12. Every fuzzy UP-ideal with thresholds ε and δ of A is a fuzzy UP-
filter with thresholds ε and δ.
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Proof. Assume that f is a fuzzy UP-ideal with thresholds ε and δ of A. Then
max{f(0), ε} ≥ min{f(x), δ}, for all x ∈ A. Let x, y ∈ A. Thus

max{f(y), ε} = max{f(0 · y), ε}((UP-2))

≥ min{f(0 · (x · y)), f(x), δ}
= min{f(x · y), f(x), δ}.((UP-2))

So, f is a fuzzy UP-filter with thresholds ε and δ of A. �

Example 3.13. Let A = {0, 1, 2, 3, 4} be a set with a binary operation · defined by
the following Cayley table:

· 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 3 4
2 0 0 0 3 3
3 0 1 2 0 3
4 0 1 2 0 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follow:

f(0) = 0.9, f(1) = 0.8, f(2) = 0.7, f(3) = 0.5, and f(4) = 0.5.

Then f is a fuzzy UP-filter with thresholds ε = 0.2 and δ = 0.9 of A. Since max{f(3·
4), ε} = max{0.5, 0.2} = 0.5 � 0.7 = min{0.9, 0.7, 0.9} = min{f(3 · (2 · 4)), f(2), δ},
we have f is not a fuzzy UP-ideal with thresholds ε = 0.2 and δ = 0.9 of A.

Theorem 3.14. Every fuzzy UP-filter with thresholds ε and δ of A is a fuzzy UP-
subalgebra with thresholds ε and δ.

Proof. Assume that f is a fuzzy UP-filter with thresholds ε and δ of A. Then
max{f(0), ε} ≥ min{f(x), δ}, for all x ∈ A. Let x, y ∈ A. Then

Case 1 : f(0) ≤ ε. Then f(x) ≤ ε, for all x ∈ A. Thus

max{f(x · y), ε} = ε ≥ f(x) ≥ min{f(x), f(y), δ}.

Case 2 : f(0) > ε. Then

max{f(x · y), ε} ≥ min{f(y · (x · y)), f(y), δ}
= min{f(0), f(y), δ}.(Proposition 2.4 (5))

If min{f(0), f(y), δ} = f(y) or δ, then we obtain immediately that

max{f(x · y), ε} ≥ min{f(x), f(y), δ}.

Assume that min{f(0), f(y), δ} = f(0). Then

min{f(0), f(y), δ} = f(0) = max{f(0), ε} ≥ min{f(y), δ} ≥ min{f(x), f(y), δ}.

Thus, f is a fuzzy UP-subalgebra with thresholds ε and δ of A. �

7
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Example 3.15. Let A = {0, 1, 2, 3, 4} be a set with a binary operation · defined by
the following Cayley table:

· 0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 3 4
2 0 0 0 3 3
3 0 1 2 0 3
4 0 1 2 0 0

Then (A, ·, 0) is a UP-algebra. We defined a fuzzy set f : A→ [0, 1] as follow:

f(0) = 0.8, f(1) = 0.7, f(2) = 0.4, f(3) = 0.3, and f(4) = 0.2.

Then f is a fuzzy UP-subalgebra with thresholds ε = 0.2 and δ = 0.9 of A.
Since max{f(4), ε} = max{0.2, 0.2} = 0.2 � 0.3 = min{0.3, 0.3, 0.9} = min{f(3 ·
4), f(3), δ}, we have f is not a fuzzy UP-filter with thresholds ε = 0.2 and δ = 0.9
of A.

By Definition 2.8, we see that a fuzzy UP-subalgebra (resp., fuzzy UP-filter, fuzzy
UP-ideal, fuzzy strongly UP-ideal) is a fuzzy UP-subalgebra (resp., fuzzy UP-filter,
fuzzy UP-ideal, fuzzy strongly UP-ideal) with thresholds 0 and 1. By Theorems
3.10, 3.12, and 3.14 and Examples 3.11, 3.13, and 3.15, we have that the notion of
fuzzy UP-subalgebras with thresholds ε and δ is a generalization of fuzzy UP-filters
with thresholds ε and δ, the notion of fuzzy UP-filters with thresholds ε and δ is a
generalization of fuzzy UP-ideals with thresholds ε and δ, and the notion of fuzzy
UP-ideals with thresholds ε and δ is a generalization of fuzzy strongly UP-ideals
with thresholds ε and δ.

Theorem 3.16. Let ε, δ ∈ [0, 1] with ε < δ. If a fuzzy set f in A is constant, then
it is a fuzzy strongly UP-ideal with thresholds ε and δ of A.

Proof. Assume that f is a constant fuzzy set in A and let ε, δ ∈ [0, 1] with ε < δ.
Then f(x) = f(0), for all x ∈ A. Let x ∈ A.

max{f(0), ε} ≥ f(0) = f(x) ≥ min{f(x), δ}.

Let x, y, z ∈ A. Then

max{f(x), ε} ≥ f(x) = min{f((z · y) · (z · x)), f(y)}
≥ min{f((z · y) · (z · x)), f(y), δ}.

Thus, f is a fuzzy strongly UP-ideal with thresholds ε and δ of A. �

Theorem 3.17. Let ε, δ ∈ [0, 1] with ε < δ. If a fuzzy set f in A is such that
f(x) ≤ ε, for all x ∈ A, then it is a fuzzy strongly UP-ideal (resp. fuzzy UP-ideal,
fuzzy UP-filter and fuzzy UP-subalgebra) with thresholds ε and δ of A.

Proof. (1) Let x ∈ A. Then

max{f(0), ε} = ε ≥ f(x) = min{f(x), δ}.

Let x, y, z ∈ A. Then

max{f(x), ε} = ε ≥ min{f((z · y) · (z · x)), f(y)} = min{f((z · y) · (z · x)), f(y), δ}.
8
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Thus, f is a fuzzy strongly UP-ideal with thresholds ε and δ of A.
(2) Let x, y, z ∈ A. Then

max{f(x · z), ε} = ε ≥ min{f(x · (y · z)), f(y)} = min{f(x · (y · z)), f(y), δ}.
Thus, f is a fuzzy UP-ideal with thresholds ε and δ of A.

(3) Let x, y ∈ A. Then

max{f(y), ε} = ε ≥ min{f(x · y), f(x)} = min{f(x · y), f(x), δ}.
Thus, f is a fuzzy UP-filter with thresholds ε and δ of A.

(4) Let x, y ∈ A. Then

max{f(x · y), ε} = ε ≥ min{f(x), f(y)} = min{f(x), f(y), δ}.
Thus, f is a fuzzy UP-subalgebra with thresholds ε and δ of A. �

Theorem 3.18. Let ε, δ ∈ [0, 1] with ε < δ. If a fuzzy set f in A with ε ≤ f(x) ≤ δ
is a fuzzy strongly UP-ideal with thresholds ε and δ of A, then it is constant.

Proof. For all x ∈ A,

f(0) = max{f(0), ε} ≥ min{f(x), δ} = f(x)

and

f(x) = max{f(x), ε} ≥ min{f((x · 0) · (x · x)), f(0), δ}
= min{f((x · 0) · 0), f(0), δ}(Proposition 2.4 (1))

= min{f(0), f(0), δ}((UP-3))

= min{f(0), δ}
= f(0).

Then, f(x) = f(0), for all x ∈ A. Thus f is constant. �

Theorem 3.19. Let ε, δ ∈ [0, 1] with ε < δ. If a fuzzy set f in A is such that
f(x) ≥ δ for all x ∈ A, then it is a fuzzy strongly UP-ideal (resp. fuzzy UP-ideal,
fuzzy UP-filter and fuzzy UP-subalgebra) with thresholds ε and δ of A.

Proof. (1) Let x ∈ A. Then

max{f(0), ε} = f(0) ≥ δ = min{f(x), δ}.

Let x, y, z ∈ A. Then

max{f(x), ε} = f(x) ≥ δ = min{f((z · y) · (z · x)), f(y), δ}.
Thus, f is a fuzzy strongly UP-ideal with thresholds ε and δ of A.

(2) Let x, y, z ∈ A. Then

max{f(x · z), ε} = f(x · z) ≥ δ = min{f(x · (y · z)), f(y), δ}.
Thus, f is a fuzzy UP-ideal with thresholds ε and δ of A.

(3) Let x, y ∈ A. Then

max{f(y), ε} = f(y) ≥ δ = min{f(x · y), f(x), δ}.
Thus, f is a fuzzy UP-filter with thresholds ε and δ of A.

9
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(4) Let x, y ∈ A. Then

max{f(x · y), ε} = f(x · y) ≥ δ = min{f(x), f(y), δ}.
Thus, f is a fuzzy UP-subalgebra with thresholds ε and δ of A. �

Corollary 3.20. Let ε, δ ∈ [0, 1] with ε < δ. Then a fuzzy set f in A with ε ≤
f(x) ≤ δ is a fuzzy strongly UP-ideal with thresholds ε and δ of A if and only if it
is constant.

Proof. It is straightforward by Theorem 3.16 and 3.18. �

4. Upper t-level subsets of a fuzzy set

In this section, we discuss the relations between fuzzy UP-subalgebras (resp.,
fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) with thresholds and
their level subsets.

Let f be a fuzzy set in A. For any t ∈ [0, 1], the set

U(f, t) = {x ∈ A | f(x) ≥ t}
is called an upper t-level subset [15] of f .

Theorem 4.1. Let f be a fuzzy set in A and ε, δ ∈ [0, 1] with ε < δ. Then f is a
fuzzy UP-subalgebra with thresholds ε and δ of A if and only if for all t ∈ (ε, δ], U(f, t)
is a UP-subalgebra of A, if U(f, t) is nonempty.

Proof. Assume that f is a fuzzy UP-subalgebra with thresholds ε and δ of A. Let
t ∈ (ε, δ] be such that U(f, t) 6= ∅ and let x, y ∈ U(f, t). Then f(x) ≥ t, f(y) ≥ t,
and δ ≥ t. Thus t is a lower bound of {f(x), f(y), δ}. Since f is a fuzzy UP-
subalgebra with thresholds ε and δ of A, we have

max{f(x · y), ε} ≥ min{f(x), f(y), δ} ≥ t > ε.

So max{f(x · y), ε} = f(x · y). Since max{f(x · y), ε} ≥ t, we get f(x · y) ≥ t. Hence
x · y ∈ U(f, t). Therefore, U(f, t) is a UP-subalgebra of A.

Conversely, assume that for all t ∈ (ε, δ], U(f, t) is a UP-subalgebra of A, if U(f, t)
is nonempty. Let x, y ∈ A. Then f(x), f(y) ∈ [0, 1]. Choose t = min{f(x), f(y)}.
Then f(x) ≥ t and f(y) ≥ t. Thus x, y ∈ U(f, t) 6= ∅. By assumption, we
have U(f, t) is a UP-subalgebra of A. So x · y ∈ U(f, t), that is, f(x · y) ≥ t =
min{f(x), f(y)}. So

max{f(x · y), ε} ≥ f(x · y) ≥ min{f(x), f(y)} ≥ min{f(x), f(y), δ}.
Hence, f is a UP-subalgebra with thresholds ε and δ of A. �

Theorem 4.2. Let f be a fuzzy set in A and ε, δ ∈ [0, 1] with ε < δ. Then f is a
fuzzy UP-filter with thresholds ε and δ of A if and only if for all t ∈ (ε, δ], U(f, t) is
a UP-filter of A, if U(f, t) is nonempty.

Proof. Assume that f is a fuzzy UP-filter with thresholds ε and δ of A. Let t ∈ (ε, δ]
be such that U(f, t) 6= ∅ and let a ∈ U(f, t). Then f(a) ≥ t and δ ≥ t. Thus t is a
lower bound of {f(a), δ}. Since f is a fuzzy UP-filter with thresholds ε and δ of A,
we have

max{f(0), ε} ≥ min{f(a), δ} ≥ t > ε.

10
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So max{f(0), ε} = f(0). Since max{f(0), ε} ≥ t, we get f(0) ≥ t. Hence 0 ∈ U(f, t).
Next, let x, y ∈ A be such that x · y ∈ U(f, t) and x ∈ U(f, t). Then f(x · y) ≥

t, f(x) ≥ t, and δ ≥ t. Thus t is a lower bound of {f(x · y), f(x), δ}. Since f is a
fuzzy UP-filter with thresholds ε and δ of A, we have

max{f(y), ε} ≥ min{f(x · y), f(x), δ} ≥ t > ε.

So max{f(y), ε} = f(y). Since max{f(y), ε} ≥ t, we get f(y) ≥ t. Hence y ∈ U(f, t).
Therefore, U(f, t) is a UP-filter of A.

Conversely, assume that for all t ∈ (ε, δ], U(f, t) is a UP-filter of A, if U(f, t) is
nonempty. Let x ∈ A. Then f(x) ∈ [0, 1]. Choose t = f(x). Then f(x) ≥ t. Thus
x ∈ U(f, t) 6= ∅. By assumption, we have U(f, t) is a UP-filter of A. So 0 ∈ U(f, t),
that is, f(0) ≥ t = f(x), Hence

max{f(0), ε} ≥ f(0) ≥ f(x) ≥ min{f(x), δ}.

Next, let x, y ∈ A. Then f(x · y), f(x) ∈ [0, 1]. Choose t = min{f(x · y), f(x)}.
Then f(x ·y) ≥ t and f(x) ≥ t. Thus x ·y, x ∈ U(f, t) 6= ∅. By assumption, we have
U(f, t) is a UP-filter of A. So y ∈ U(f, t), that is, f(y) ≥ t = min{f(x · y), f(x)}.
Hence

max{f(y), ε} ≥ f(y) ≥ min{f(x · y), f(x)} ≥ min{f(x · y), f(x), δ}.
f is a fuzzy UP-filter with thresholds ε and δ of A. �

Theorem 4.3. Let f be a fuzzy set in A and ε, δ ∈ [0, 1] with ε < δ. Then f is a
fuzzy UP-ideal with thresholds ε and δ of A if and only if for all t ∈ (ε, δ], U(f, t) is
a UP-ideal of A, if U(f, t) is nonempty.

Proof. Assume that f is a fuzzy UP-ideal with thresholds ε and δ of A. Let t ∈ (ε, δ]
be such that U(f, t) 6= ∅ and let a ∈ U(f, t). Then f(a) ≥ t and δ ≥ t. Thus t is a
lower bound of {f(a), δ}. Since f is a fuzzy UP-ideal with thresholds ε and δ of A,
we have

max{f(0), ε} ≥ min{f(a), δ} ≥ t > ε.

So max{f(0), ε} = f(0). Since max{f(0), ε} ≥ t, we get f(0) ≥ t. Hence 0 ∈ U(f, t).
Next, let x, y, z ∈ A be such that x · (y · z) ∈ U(f, t) and y ∈ U(f, t). Then

f(x ·(y ·z)) ≥ t, f(y) ≥ t, and δ ≥ t. Thus t is a lower bound of {f(x ·(y ·z)), f(y), δ}.
Since f is a fuzzy UP-ideal with thresholds ε and δ of A, we have

max{f(x · z), ε} ≥ min{f(x · (y · z)), f(y), δ} ≥ t > ε.

So max{f(x · z), ε} = f(x · z). Since max{f(x · z), ε} ≥ t, we get f(x · z) ≥ t. Hence
x · z ∈ U(f, t). Therefore, U(f, t) is a UP-ideal of A.

Conversely, assume that for all t ∈ (ε, δ], U(f, t) is a UP-ideal of A, if U(f, t) is
nonempty. Let x ∈ A. Then f(x) ∈ [0, 1]. Choose t = f(x). Then f(x) ≥ t. Thus
x ∈ U(f, t) 6= ∅. By assumption, we have U(f, t) is a UP-ideal of A. So 0 ∈ U(f, t),
that is, f(0) ≥ t = f(x), Hence

max{f(0), ε} ≥ f(0) ≥ f(x) ≥ min{f(x), δ}.

Next, let x, y, z ∈ A. Then f(x · (y · z)), f(y) ∈ [0, 1]. Choose t = min{f(x · (y ·
z)), f(y)}. Then f(x · (y · z)) ≥ t and f(y) ≥ t. Thus x · (y · z), y ∈ U(f, t) 6= ∅.

11
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By assumption, we have U(f, t) is a UP-ideal of A. Thus x · z ∈ U(f, t), that is,
f(x · z) ≥ t = min{f(x · (y · z)), f(y)}. So

max{f(x · z), ε} ≥ f(x · z) ≥ min{f(x · (y · z)), f(y)} ≥ min{f(x · (y · z)), f(y), δ}.

Hence, f is a fuzzy UP-ideal with thresholds ε and δ of A. �

Theorem 4.4. Let f be a fuzzy set in A and ε, δ ∈ [0, 1] with ε < δ. Then f is a fuzzy
strongly UP-ideal with thresholds ε and δ of A if and only if for all t ∈ (ε, δ], U(f, t)
is a strongly UP-ideal of A, if U(f, t) is nonempty.

Proof. Assume that f is a fuzzy strongly UP-ideal with thresholds ε and δ of A.
Let t ∈ (ε, δ] be such that U(f, t) 6= ∅ and let a ∈ U(f, t). Then f(a) ≥ t and
δ ≥ t. Thus t is a lower bound of {f(a), δ}. Since f is a fuzzy strongly UP-ideal
with thresholds ε and δ of A, we have

max{f(0), ε} ≥ min{f(a), δ} ≥ t > ε.

So max{f(0), ε} = f(0). Since max{f(0), ε} ≥ t, we get f(0) ≥ t. Hence 0 ∈ U(f, t).
Next, let x, y, z ∈ A be such that (z · y) · (z · x) ∈ U(f, t) and y ∈ U(f, t).

Then f((z · y) · (z · x)) ≥ t, f(y) ≥ t, and δ ≥ t. Thus t is a lower bound of
{f((z · y) · (z · x)), f(y), δ}. Since f is a fuzzy strongly UP-ideal with thresholds ε
and δ of A, we have

max{f(x), ε} ≥ min{f((z · y) · (z · x)), f(y), δ} ≥ t > ε.

So max{f(x), ε} = f(x). Since max{f(x), ε} ≥ t, we get f(x) ≥ t. Hence x ∈
U(f, t). Therefore, U(f, t) is a strongly UP-ideal of A.

Conversely, assume that for all t ∈ (ε, δ], U(f, t) is a strongly UP-ideal of A,
if U(f, t) is nonempty. Let x ∈ A. Then f(x) ∈ [0, 1]. Choose t = f(x). Then
f(x) ≥ t. Thus x ∈ U(f, t) 6= ∅. By assumption, we have U(f, t) is a strongly
UP-ideal of A. So 0 ∈ U(f, t), that is, f(0) ≥ t = f(x). Hence

max{f(0), ε} ≥ f(0) ≥ f(x) ≥ min{f(x), δ}.

Next, let x, y, z ∈ A. Then f((z ·y)·(z ·x)), f(y) ∈ [0, 1]. Choose t = min{f((z ·y)·
(z ·x)), f(y)}. Then f((z ·y)·(z ·x)) ≥ t and f(y) ≥ t. Thus (z ·y)·(z ·x), y ∈ U(f, t) 6=
∅. By assumption, we have U(f, t) is a strongly UP-ideal of A. So x ∈ U(f, t), that
is, f(x) ≥ t = min{f((z · y) · (z · x)), f(y)}. Hence

max{f(x), ε} ≥ f(x) ≥ min{f((z · y) · (z · x)), f(y)}
≥ min{f((z · y) · (z · x)), f(y), δ}.

Therefore, f is a fuzzy strongly UP-ideal with thresholds ε and δ of A. �

5. Image and preimage of a fuzzy set

Definition 5.1 ([4]). Let f be a function from a nonempty set X to a nonempty
set Y . If µ is a fuzzy set in X, then the fuzzy set β in Y defined by

β(y) =

{
sup{µ(t)}t∈f−1(y) if f−1(y) 6= ∅,
0 otherwise

is said to be the image of µ under f .
12
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Similarly, if β is a fuzzy set in Y , then the fuzzy set µ = β ◦f in X (i.e., the fuzzy
set defined by µ(x) = β(f(x)) for all x ∈ X) is called the preimage of β under f .

Definition 5.2 ([10]). A fuzzy set f in A has sup property, if for any nonempty
subset T of A, there exists t0 ∈ T such that f(t0) = sup{f(t)}t∈T .

Lemma 5.3 ([9]). Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A → B
be a surjective UP-homomorphism. Let µ be an f -invariant fuzzy set in A with sup
property. For any a, b ∈ B, there exist a0 ∈ f−1(a) and b0 ∈ f−1(b) such that
β(a) = µ(a0), β(b) = µ(b0), and β(a ∗ b) = µ(a0 · b0).

Theorem 5.4. Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A→ B be a
surjective UP-homomorphism. Then the following statements hold:

(1) if µ is an f -invariant fuzzy UP-subalgebra with thresholds ε and δ of A with
sup property, then β is a fuzzy UP-subalgebra with thresholds ε and δ of B,

(2) if µ is an f -invariant fuzzy UP-filter with thresholds ε and δ of A with sup
property, then β is a fuzzy UP-filter with thresholds ε and δ of B,

(3) if µ is an f -invariant fuzzy UP-ideal with thresholds ε and δ of A with sup
property, then β is a fuzzy UP-ideal with thresholds ε and δ of B, and

(4) if µ is an f -invariant fuzzy strongly UP-ideal with thresholds ε and δ of A
with sup property, then β is a fuzzy strongly UP-ideal with thresholds ε and
δ of B.

Proof. (1) Assume that µ is an f -invariant fuzzy UP-subalgebra with thresholds
ε and δ of A with sup property. Let a, b ∈ B. Then by Lemma 5.3, there exist
a0 ∈ f−1(a) and b0 ∈ f−1(b) such that β(a) = µ(a0), β(b) = µ(b0), and β(a ∗ b) =
µ(a0 · b0). Thus

max{β(a ∗ b), ε} = max{µ(a0 · b0), ε} ≥ min{µ(a0), µ(b0), δ} = min{β(a), β(b), δ}.

So, β is a fuzzy UP-subalgebra with thresholds ε and δ of B.
(2) Assume that µ is an f -invariant fuzzy UP-filter with thresholds ε and δ of

A with sup property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then there exists
x1 ∈ f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). Since µ is
f -invariant, µ(x1) = µ(0A). So, µ(0A) = β(0B).

Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.

Next, let a, b ∈ B. Then by Lemma 5.3, there exist a0 ∈ f−1(a) and b0 ∈ f−1(b)
such that µ(a0) = β(a), µ(b0) = β(b), and µ(a0 · b0) = β(a ∗ b). Thus

max{β(b), ε} = max{µ(b0), ε} ≥ min{µ(a0 · b0), µ(a0), δ} = min{β(a ∗ b), β(a), δ}.

So, β is a fuzzy UP-filter with thresholds ε and δ of B.
(3) Assume that µ is an f -invariant fuzzy UP-ideal with thresholds ε and δ of

A with sup property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then there
exists x1 ∈ f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). So
µ(x1) = µ(0A), because µ is f -invariant. Hence, µ(0A) = β(0B).

13
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Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.

Next, let a, b, c ∈ B. Then by Lemma 5.3, there exist a0 ∈ f−1(a), b0 ∈ f−1(b)
and c0 ∈ f−1(c) such that β(b) = µ(b0), β(a ∗ c) = µ(a0 · c0) and β(a ∗ (b ∗ c)) =
µ(a0 · (b0 · c0)). Thus

max{β(a ∗ c), ε} = max{µ(a0 · c0), ε} ≥ min{µ(a0 · (b0 · c0)), µ(b0), δ}
= min{β(a ∗ (b ∗ c)), β(b), δ}.

So, β is a fuzzy UP-ideal with thresholds ε and δ of B.
(4) Assume that µ is an f -invariant fuzzy strongly UP-ideal with thresholds ε

and δ of A with sup property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then
there exists x1 ∈ f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). So
µ(x1) = µ(0A), because µ is f -invariant. Hence, µ(0A) = β(0B).

Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.

Next, let a, b, c ∈ B. Then by Lemma 5.3, there exist a0 ∈ f−1(a), b0 ∈ f−1(b)
and c0 ∈ f−1(c) such that µ(a0) = β(a), µ(b0) = β(b) and µ((c0 · b0) · (c0 · a0)) =
β((c · b) · (c · a)). Thus

max{β(a), ε} = max{µ(a0), ε} ≥ min{µ((c0 · b0) · (c0 · a0)), µ(b0), δ}
= min{β((c · b) · (c · a)), β(b), δ}.

So, β is a fuzzy strongly UP-ideal with thresholds ε and δ of B. �

Theorem 5.5. Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A→ B be a
UP-homomorphism. Then the following statements hold:

(1) if β is a fuzzy UP-subalgebra with thresholds ε and δ of B, then µ is a fuzzy
UP-subalgebra with thresholds ε and δ of A,

(2) if β is a fuzzy UP-filter with thresholds ε and δ of B, then µ is a fuzzy
UP-filter with thresholds ε and δ of A,

(3) if β is a fuzzy UP-ideal with thresholds ε and δ of B, then µ is a fuzzy
UP-ideal with thresholds ε and δ of A, and

(4) if β is a fuzzy strongly UP-ideal with thresholds ε and δ of B, then µ is a
fuzzy strongly UP-ideal with thresholds ε and δ of A.

Proof. (1) Assume that β is a fuzzy UP-subalgebra with thresholds ε and δ of B.
Let x, y ∈ A. Then

max{µ(x · y), ε} = max{(β ◦ f)(x · y), ε} = max{β(f(x · y)), ε}
= max{β(f(x) ∗ f(y)), ε}
≥ min{β(f(x)), β(f(y)), δ}
= min{(β ◦ f)(x), (β ◦ f)(y), δ}
= min{µ(x), µ(y), δ}.

14
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Thus, µ is a fuzzy UP-subalgebra with thresholds ε and δ of A.
(2) Assume that β is a fuzzy UP-filter with thresholds ε and δ of B. Let x ∈ A.

Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y ∈ A. Then

max{µ(y), ε} = max{(β ◦ f)(y), ε} = max{β(f(y)), ε}
≥ min{β(f(x) ∗ f(y)), β(f(x)), δ}
= min{β(f(x · y)), β(f(x)), δ}
= min{(β ◦ f)(x · y), (β ◦ f)(x), δ}
= min{µ(x · y), µ(x), δ}.

Thus, µ is a fuzzy UP-filter with thresholds ε and δ of A.
(3) Assume that β is a fuzzy UP-ideal with thresholds ε and δ of B. Let x ∈ A.

Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y, z ∈ A. Then

max{µ(x · z), ε} = max{(β ◦ f)(x · z), ε} = max{β(f(x · z)), ε}
= min{β(f(x) ∗ f(z)), δ}
≥ min{β(f(x) ∗ (f(y) ∗ f(z))), β(f(y)), δ}
= min{β(f(x) ∗ f(y · z)), β(f(y)), δ}
= min{β(f(x · (y · z))), β(f(y)), δ}
= min{(β ◦ f)(x · (y · z)), (β ◦ f)(y), δ}
= min{µ(x · (y · z)), µ(y), δ}.

Thus, µ is a fuzzy UP-ideal with thresholds ε and δ of A.
15
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(4) Assume that β is a fuzzy strongly UP-ideal with thresholds ε and δ of B. Let
x ∈ A. Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y, z ∈ A. Then

max{µ(x), ε} = max{(β ◦ f)(x), ε}
= max{β(f(x)), ε}
≥ min{β((f(z) ∗ f(y)) ∗ (f(z) ∗ f(x))), β(f(y)), δ}
= min{β(f(z · y) ∗ f(z · x)), β(f(y)), δ}
= min{β(f((z · y) · (z · x)), β(f(y)), δ}
= min{(β ◦ f)((z · y) · (z · x)), (β ◦ f)(y), δ}
= min{µ((z · y) · (z · x)), µ(y), δ}.

Thus, µ is a fuzzy strongly UP-ideal with thresholds ε and δ of A. �

Definition 5.6. Let f be a function from a nonempty set X to a nonempty set Y .
If µ is a fuzzy set in X, then the fuzzy set β in Y defined by

β(y) =

{
inf{µ(t)}t∈f−1(y) if f−1(y) 6= ∅,
1 otherwise

is said to be the image of µ under f .
Similarly, if β is a fuzzy set in Y , then the fuzzy set µ = β ◦f in X (i.e., the fuzzy

set defined by µ(x) = β(f(x)) for all x ∈ X) is called the preimage of β under f .

Definition 5.7 ([10]). A fuzzy set f in A has inf property, if for any nonempty
subset T of A, there exists t0 ∈ T such that f(t0) = inf{f(t)}t∈T .

Lemma 5.8 ([7]). Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A → B
be a surjective UP-homomorphism. Let µ be an f -invariant fuzzy set in A with inf
property. For any a, b ∈ B, there exist a0 ∈ f−1(a) and b0 ∈ f−1(b) such that
β(a) = µ(a0), β(b) = µ(b0), and β(a ∗ b) = µ(a0 · b0).

Theorem 5.9. Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A→ B be a
surjective UP-homomorphism. Then the following statements hold:

(1) if µ is an f -invariant fuzzy UP-subalgebra with thresholds ε and δ of A with
inf property, then β is a fuzzy UP-subalgebra with thresholds ε and δ of B,

(2) if µ is an f -invariant fuzzy UP-filter with thresholds ε and δ of A with inf
property, then β is a fuzzy UP-filter with thresholds ε and δ of B,

(3) if µ is an f -invariant fuzzy UP-ideal with thresholds ε and δ of A with inf
property, then β is a fuzzy UP-ideal with thresholds ε and δ of B, and
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(4) if µ is an f -invariant fuzzy strongly UP-ideal with thresholds ε and δ of A
with inf property, then β is a fuzzy strongly UP-ideal with thresholds ε and
δ of B.

Proof. (1) Assume that µ is an f -invariant fuzzy UP-subalgebra with thresholds
ε and δ of A with inf property. Let a, b ∈ B. Then by Lemma 5.8, there exist
a0 ∈ f−1(a) and b0 ∈ f−1(b) such that β(a) = µ(a0), β(b) = µ(b0), and β(a ∗ b) =
µ(a0 · b0). Thus

max{β(a ∗ b), ε} = max{µ(a0 · b0), ε} ≥ min{µ(a0), µ(b0), δ} = min{β(a), β(b), δ}.

So, β is a fuzzy UP-subalgebra with thresholds ε and δ of B.
(2) Assume that µ is an f -invariant fuzzy UP-filter with thresholds ε and δ of A

with inf property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then there exists x1 ∈
f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). So µ(x1) = µ(0A),
because µ is f -invariant. Hence, µ(0A) = β(0B).

Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.

Next, let a, b ∈ B. Then by Lemma 5.8, there exist a0 ∈ f−1(a) and b0 ∈ f−1(b)
such that β(a) = µ(a0), β(b) = µ(b0), and β(a ∗ b) = µ(a0 · b0). Thus

max{β(b), ε} = max{µ(b0), ε} ≥ min{µ(a0 · b0), µ(a0), δ} = min{β(a ∗ b), β(a), δ}.

So, β is a fuzzy UP-filter with thresholds ε and δ of B.
(3) Assume that µ is an f -invariant fuzzy UP-ideal with thresholds ε and δ of A

with inf property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then there exists x1 ∈
f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). So µ(x1) = µ(0A),
because µ is f -invariant. Hence, µ(0A) = β(0B).

Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.

Next, let a, b, c ∈ B. Then by Lemma 5.8, there exist a0 ∈ f−1(a), b0 ∈ f−1(b)
and c0 ∈ f−1(c) such that β(b) = µ(b0), β(a ∗ c) = µ(a0 · c0) and β(a ∗ (b ∗ c)) =
µ(a0 · (b0 · c0)). Thus

max{β(a ∗ c), ε} = max{µ(a0 · c0), ε} ≥ min{µ(a0 · (b0 · c0)), µ(b0), δ}
= min{β(a ∗ (b ∗ c)), β(b), δ}.

So, β is a fuzzy UP-ideal with thresholds ε and δ of B.
(4) Assume that µ is an f -invariant fuzzy strongly UP-ideal with thresholds ε

and δ of A with inf property. Since f(0A) = 0B , we have f−1(0B) 6= ∅. Then
there exists x1 ∈ f−1(0B) such that µ(x1) = β(0B). Thus f(x1) = 0B = f(0A). So
µ(x1) = µ(0A), because µ is f -invariant. Hence, µ(0A) = β(0B).

Let y ∈ B. Since f is surjective, we have f−1(y) 6= ∅. Then there exists
x ∈ f−1(y) such that µ(x) = β(y). Thus

max{β(0B), ε} = max{µ(0A), ε} ≥ min{µ(x), δ} = min{β(y), δ}.
17
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Next, let a, b, c ∈ B. Then by Lemma 5.8, there exist a0 ∈ f−1(a), b0 ∈ f−1(b)
and c0 ∈ f−1(c) such that β(a) = µ(a0), β(b) = µ(b0) and β((c ∗ b) ∗ (c ∗ a)) =
µ((c0 · b0) · (c0 · a0)). Thus

max{β(a), ε} = max{µ(a0), ε} ≥ min{µ((c0 · b0) · (c0 · a0)), µ(b0), δ}
= min{β((c ∗ b) ∗ (c ∗ a)), β(b), δ}.

So, β is a fuzzy strongly UP-ideal with thresholds ε and δ of B. �

Theorem 5.10. Let (A, ·, 0A) and (B, ∗, 0B) be UP-algebras and let f : A → B be
a UP-homomorphism. Then the following statements hold:

(1) if β is a fuzzy UP-subalgebra with thresholds ε and δ of B, then µ is a fuzzy
UP-subalgebra with thresholds ε and δ of A,

(2) if β is a fuzzy UP-filter with thresholds ε and δ of B, then µ is a fuzzy
UP-filter with thresholds ε and δ of A,

(3) if β is a fuzzy UP-ideal with thresholds ε and δ of B, then µ is a fuzzy
UP-ideal with thresholds ε and δ of A, and

(4) if β is a fuzzy strongly UP-ideal with thresholds ε and δ of B, then µ is a
fuzzy strongly UP-ideal with thresholds ε and δ of A.

Proof. (1) Assume that β is a fuzzy UP-subalgebra with thresholds ε and δ of B.
Let x, y ∈ A. Then

max{µ(x · y), ε} = max{(β ◦ f)(x · y), ε} = max{β(f(x · y)), ε}
= max{β(f(x) ∗ f(y)), ε}
≥ min{β(f(x)), β(f(y)), δ}
= min{(β ◦ f)(x), (β ◦ f)(y), δ}
= min{µ(x), µ(y), δ}.

Thus, µ is a fuzzy UP-subalgebra with thresholds ε and δ of A.
(2) Assume that β is a fuzzy UP-filer with thresholds ε and δ of B. Let x ∈ A.

Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y ∈ A. Then

max{µ(y), ε} = max{(β ◦ f)(y), ε} = max{β(f(y)), ε}
≥ min{β(f(x) ∗ f(y)), β(f(x)), δ}
= min{β(f(x · y)), β(f(x)), δ}
= min{(β ◦ f)(x · y), (β ◦ f)(x), δ}
= min{µ(x · y), µ(x), δ}.

Thus, µ is a fuzzy UP-filter with thresholds ε and δ of A.
18
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(3) Assume that β is a fuzzy UP-ideal with thresholds ε and δ of B. Let x ∈ A.
Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y, z ∈ A. Then

max{µ(x · z), ε} = max{(β ◦ f)(x · z), ε} = max{β(f(x · z)), ε}
= max{β(f(x) ∗ f(z)), ε}
≥ min{β(f(x) ∗ (f(y) ∗ f(z))), β(f(y)), δ}
= min{β(f(x) ∗ f(y · z)), β(f(y)), δ}
= min{β(f(x · (y · z))), β(f(y)), δ}
= min{(β ◦ f)(x · (y · z)), (β ◦ f)(y), δ}
= min{µ(x · (y · z)), µ(y), δ}.

Thus, µ is a fuzzy UP-ideal with thresholds ε and δ of A.
(4) Assume that β is a fuzzy strongly UP-ideal with thresholds ε and δ of B. Let

x ∈ A. Then

max{µ(0A), ε} = max{(β ◦ f)(0A), ε} = max{β(f(0A)), ε}
= max{β(0B), ε}(f(0A) = 0B)

≥ min{β(f(x)), δ}
= min{(β ◦ f)(x), δ}
= min{µ(x), δ}.

Let x, y, z ∈ A. Then

max{µ(x), ε} = max{(β ◦ f)(x), ε}
= max{β(f(x)), ε}
≥ min{β((f(z) ∗ f(y)) ∗ (f(z) ∗ f(x))), β(f(y)), δ}
= min{β(f(z · y) ∗ f(z · x)), β(f(y)), δ}
= min{β(f((z · y) · (z · x))), β(f(y)), δ}
= min{(β ◦ f)((z · y) · (z · x)), (β ◦ f)(y), δ}
= min{µ((z · y) · (z · x)), µ(y), δ}.

Thus, µ is a fuzzy strongly UP-ideal with thresholds ε and δ of A. �

6. Conclusions

In the present paper, we have introduced the notion of fuzzy UP-subalgebras
(resp., fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) with thresholds
of UP-algebras and proved its generalizations. We think this work would enhance
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the scope for further study in UP-algebras and related algebraic systems. It is our
hope that this work would serve as a foundation for the further study in UP-algebras
and related algebraic systems.
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